GEOMETRY OF A SIMULTANEOUS SYSTEM

OF TWO LINEAR HOMOGENEOUS DIFFERENTIAL EQUATIONS
OF THE SECOND ORDER*

BY

E. J. WILCZYNSKI

In a former papert I have laid the foundation for a general theory of invari-
ants of a system of linear homogeneous differential equations. I have actually
determined the invariants for the special case of two equations, each of the second
order, i. e., for the system

?/” +Puy’+ plzzl'l' 9mY + 2= 0,
2+ Py + P+ @y + 42 =0,

the independent variable being 2. The transformations, which were considered,
were the most general which could convert (1) into another system of the same

@)

form and order, viz: the transformations of the group G

@) v=f(), y=a@n+BEE z=vEn+3®)F,

where f, a, B, v, & are arbitrary functions of £, subject only to the condition
that

ad — By
must not vanish identically.

The present paper, besides deducing some new theorems, will be mainly con-
cerned with geometrical interpretations. We shall again confine ourselves to the
special case of equations (1) for two reasons. In the first place this will enable
us to make use of the concrete results of our former paper, and in the second
place we can thus avoid the consideration of configurations in hyperspace. It
will not be difficult to generalize our considerations so as to include the general
case, if only a space of the proper number of dimensions be employed.

* Presented to the Society April 27, 1901. Received for publication April 9, 1901.
t E. J. WiLczYNsKI, Invariants of systems of linear differential equations, Transactions
of the American Mathematical Society, vol. 2 (1901), no. 1.
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Greometrical considerations of a similar nature have been applied to the theory
of a single linear differential equation by HaLPHEN and Fano.*

§ 1. Definition of the general solutions, and of a simultaneous fundamental
system of solutions.

According to the fundamental theorem of the theory of differential equations,
the equations (1) define two functions of «, which are analytic if the coefficients
are analytic, and which can be made to satisfy the further conditions that y, z,
dy/dx, dz/dx assume arbitrarily prescribed values for the particular value of

= x,, provided that the coefficients p, ¢, , are holomorphic in the vicinity of
x = x,.

Such a system of functions, y and z, is said to constitute a system of general
solutions of (1).

Now let (y;, z) fori=1, 2, 3, 4, be four systems of simultaneous solutions
of the given system (1), so that

Yi+ oy + o2+ ¥t 42=10,
3) (i=1, 2, 3, 4).
Z; + Puy; + o + Il + Q=0

Then, denoting by ¢/, c,, ¢,, ¢, four arbitrary constants,
4 4
(4) Y=72_ Y 2=z,
i=1 i=l1

will also form a simultaneous system of solutions. Moreover, they constitute a
system of general solutions, if, and only if, the determinant

Yo Y Y Y,
) D Y Y Ys Yi
2 % % 7y
7o 7 7

does not vanish identically. For then, if x, is a value of x for which D 4 0,
¢, -+ ¢, can be so determined as to make y, z, dy/dx, dz/dx equal to arbitrarily
assigned constants for x = x,.

If (y,, »)) are such functions of » which satisfy (1) and do not make D identic-
ally zero, we say of them that they constitute a_fundamental system of simultane-
ous solutions. Equations (4) then furnish the general integrals of system (1).

We can express the condition

D+0

*For the history of this subject Mr. FANO’s excellent paper in Mathematische Annalen,
vol. 63, may be consulted.
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in another way. If D = 0, it is possible to find four functions of =, A, u, v,
p, so that the four equations

(6) Ny, + Y, + vz, + pz, =0 (k=1,2,3,4),
may be verified.

If (y,, 2,) form a fundamental system of simultaneous solutions, it must there-
fore be impossible to find functions A, u, », p so as to satisfy (6), or what
amounts to the same thing, it must be impossible to find functions a, B, v, &
which satisfy the system of equations

ay, + By, + vy, + 8y, = 0,
ay; + By, + vy, + Sy, =0,
az, + By + 2, + &%, =0,
az; + Bz, + vz, + &%, =0,

which, in particular, prevents y, ---y, and #, - -2, from verifying simultaneous
relations of the form

)

®) Segi=0, Yez=0,

i=1 =1

where ¢, - - - ¢, are constants.

Suppose now that four pairs of functions (y,, 2;) which verify no relations of
the form (6) or (7) are given. Then we can consider them as constituting a
fundamental system of simultaneous solutions of a system of differential equa-
tions of the form (1). The relations between the coefficients p,, , ¢, and the
functions (y,, 2,) follow from (8). They are

Dp, = — D, %> Vs %)y Dpy=—DYss > Yar %)
Dp, = — D& 2 Yur 2)r Dpn=— Dy, %s Ysr )
9 Dq, == D> %5 Yir %) Dgy=—D(Y,s 2 Yos Y1) s
Dq, = — D (Y, %5 % %) D@yy=— D (Yps 25 Ys %)
D = D(Ys %> Yis %)

where we have adopted the notation

al bl Cl dl
(10) D(a,, bys ¢s ) = % hoa :
a, b ¢, d,
a, b, ¢, d,
We have moreover
1dD

(11) pn"'pn:—ﬁﬂz’
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whence

(12) D= ¢ P
where C is a non-vanishing constant.

All of these theorems are simple generalizations of well-known facts, but it
is necessary for the purposes of this paper to formulate them explicitly.

If we subject the general solutions of our system (1) to a transformation of
the form

(13) n=ay+ Bz, {=nwyy+ &,

where a, B, v, 8 are functions of «, then 5 and { will be the general solutions of

a system of differential equations of the same form as (1). Moreover, if we put
7, =ay, + Bzi’

(18a) (1=1,2,3,4),
§=nvy, + &,

the four pairs of functions (5,, §) will form a definite fundamental system of

the new system of differential equations, and its general solutions will be

Thus, if we consider instead of a pair of general solutions of system (1),
four pairs of solutions which form a fundamental system, these are transformed
cogrediently with each other, and with the pair of general solutions.

§2. Geometrical interpretation.

Let us interpret (y,, v,, ¥;, ¥,) and (z,, 2,, 2,, 2,) as the homogeneous coordi-
nates of two points in space. If (1) is integrated, we shall have all of these
quantities expressed as functions of x:

(14) Y =S@)s 7 = g,(%) (k=1,2,3,4),

so that we can say that the system (1) defines two curves in space C, and C,,
whose points moreover are put into a definite correspondence with one another,
namely, those being corresponding points that belong to the same value of x.

But there is a restriction on these curves, owing to the condition that (y,, 2,)
are to be the members of a fundamental system, so that equations (6) must not
be verified. Let us write (6) as follows

(6a) Ny, + Y, = — (17, + pz,) (k=1,2,3,4).

Now the quantities Ay, + py, for each value of x denote the homogeneous co-
ordinates of some point on the tangent to the curve C, constructed at the point
whose parameter is x, and vz, + pz, denote the codrdinates of a point on the
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tangent to C, at the corresponding point of this curve. If equation (6a) is
satisfied these two tangents intersect for all pairs of corresponding points.

In order, then, that the curves C, and C, may be the integral curves of a
system of form (1), it is mecessary and sufficient that the tangents of these
curves at all corresponding points do not intersect.

In particular the curves may be plane curves, but they must not be in the
same plane.

What is the geometrical meaning of transformations of form (18)?

Let us mark on the curves C, and C, the points P, and 2, corresponding to
the same value of x, and let us join them by a straight line Z ,. Then it is
clear that the transformations (13), or more properly (13a), convert the points
£, and P, of the line L , into two other points P, and P, of the same line.
Moreover, since a, B, v, 8 are arbitrary functions of x, it becomes possible to
convert P and P, into any other two points of this line. The line Z , then is
invariant for all such transformations.

If we make this construction for all values of x, we obtain a ruled surface
S, whose generators are the straight lines L,. A change of the independent
variable

where f(€) is an arbitrary function, interchanges the generators in the most
general way.

Thus, there belongs to every system of two linear homogeneous differential
equations of the second order a ruled surface, which we shall call the inte-
grating ruled surface, whose generators are the lines joining corresponding
points of the two integral curves. This ruled surface is the same for all such
systems which can be transformed into each other by a transformation of the

Jorm
15 7 =ay + B, :
= f(x

. (mmytae, T
where a, B, v, 8, f are arbitrary functions of .

There is one important restriction, however, viz.: the ruled surface cannot be
a developable surface. For, in the case of a developable surface, and only in
that case, would the corresponding tangents of the two integral curves be co-
planar, and therefore intersect.

This consideration also teaches us the meaning of the singular values of the
independent variable for which

D=0.

They are the values of x jfor which two consecutive generators of the ruled
surface intersect, i. e., they correspond to the generators upon which are situ-
ated singular points of the surface.
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It should be remarked that the ruled surface § will be different for different
fundamental systems of solutions of (1), if we regard the tetrahedron of refer-
ence as fixed. All of the ruled surfaces belonging to the different possible fun-
damental systems of the same system of differential equations are obtained
from one of them by projective transformation.

By means of equations (132) we associated with each fundamental system of
the original system of equations, a definite fundamental system of the trans-
formed system of equations, and it is only for such associated fundamental sys-
tems of the two systems of equations that it is true that they have the same in-
tegrating ruled surface. In general the two integrating ruled surfaces will
only be projective transformations of each other. If we call two systems of dif-
ferential equations of form (1) equivalent, when they can be transformed into each
other by a transformation of the form (15), we can state our theorem more pre-
cisely as follows:

If two systems of differential equations of form (1) are equivalent, their in-
tegrating ruled surfaces are projective transformations of each other. More-
over if the fundamental systems of solutions be properly selected, the ruled
surfaces coincide.

Conversely, if the ruled surfaces of two such systems coincide, the systems
are equivalent.

If the ruled surface is not of the second order, this converse is clear at once.
For the arbitrary functions a, B3, v, & in the transformation (13) can be chosen
80 as to convert any pair of curves on the surface, which are not generating
straight lines, into any other pair, for instance the pair of curves corresponding
to the first system into that corresponding to the second. Moreover this ensures
the equivalence of the two systems, if the surface is not of the second order. But
if it is of the second order it may be generated by straight lines in two different
ways. But even then the theorem holds, since we can transform one set of
generators into the other by a projective transformation.

Suppose that any non-developable ruled surface § is given. There corres-
ponds to it a class of mutually equivalent systems of linear differential equations.
To find a representative of this class, we trace any two curves, not generating
straight lines, on the surface and express the coordinates of their points as func-
tions of a parameter «, in such a way that to the same value of x correspond
points of the two curves which are situated upon the same generator of the sur-
face. The system of differential equations whose integral curves are these,
parametrically represented in this manner, is the required representative system.

We see further that it is always possible, by a transformation of form (15) to
convert any system of differential equations of the kind here considered into an-
other with plane integral curves. We can even take the planes of these curves
parallel, and moreover this can be done in an infinity of ways.
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If the ruled surface is algebraie, the system can be transformed into one whose
integral curves are algebraic space or plane curves.

Any equation or system of equations between p, , q, , etc., which remains in-
variant for all of the transformations of the form (15), expresses a projective
property of the integrating ruled surface. TFor, it expresses a property common
to all possible pairs of curves on this surface, and p,,, ¢, pi,, - - - are differ-
ential invariants of the general projective group of space. Conversely any pro-
jective property of the integrating ruled surface can be expressed by an invari-
ant system of equations.

§ 8. Euxpression of the integrating ruled surface in line coordinates.

The surface S is generated by the motion of the line L,, which joins the
points ¥ = (¥, ¥, ¥5»> ¥,) of the curve C, and 2 = (2, #,, 2, 2,) of the curve

The Pliickerian line-coordinates of Lw are the six determinants of the second
order in the matrix

Yo Yoo Y50 Y,

Bly  Bye %y 2

4!

Put
(16) Oy = Y2 — Y (i, k=1, 2,3, 4),
then the identical relation will hold
17) 0,005, + 00, + 030, = 0.

Corresponding to the transformations of the infinite group @, we shall have
for w,, the transformations

0, = (a8 — By)w,, x=r(f).

But the six line-codrdinates will verify a linear homogeneous differential equa-
tion, in general of the 6th order, say

(18) Po® 4+ Po® + Pu® 4+ Pu® + Pu® + Po® + Pw=0.

Now the most general transformations which convert such an equation into
another of the same form and order are those of the infinite group H,

o=¢@e, »=s(F),

where f and ¢ are arbitrary functions. Such functions of P, ..., P,
Py, .-, Py, etc., which remain unaltered by all transformations of the group
H are called invariants of (18).

1t is clear, then, that the invariants of the linear differential equation of the
sixth order, which the line-cosrdinates of « generator of the integrating ruled
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surface satisfy, are also invariants of the original system of differential
equations.

We proceed to set up this linear differential equation of the sixth order in a
normal form. We have shown, in a former paper, that every system of form
(1) can be reduced to a particular form, which we have called the semi-canonical
form, for which p, = 0.* Let (y, z) and (v, §) be any two simultaneous solu-
tions of a system of differential equations in the semi-canonical form, so that we
shall have

Y'=—qy— 1= —qu1 — ¢ub>

(19) ’7 "’
2= QY — QR &= qn — %2;"
Let us put
(20) o = y§— 2 = (y§).

We wish to find the differential equation satisfied by . To do this, let us
first notice the relations
(21) (")y”) =+ ¢,,0, (nzﬁ) =+ ¢»® ({yﬂ) = —qu? (é'z”) =—qx%?,
which are obtained from (19). Then, by successive differentiation, and using
the abbreviations
20 = o’ + (711 + 922)(‘”
(22) w=2v" —2(¢,9% — 9:9)® + (qu + 7)?>
t=w — (%1%2 + 922‘1;1 - %29;1 - 921q;2)w + (q;l + Q;z)'v’
p = t — (q“q;; +‘ 922911 - 9129;; - Qzlq;;)w + (q;; + q;,_',)’v,
we obtain the system of equations
o'=—m")+ (&),
v =g, (1) + (%) — () — 2 (&)
(23) w = 71,1(777“,) + 912 (Czl) - 9;1(’73/,) - 9;2 (Cy,)’
t =gum)+¢,(%)— 0.(1y") — 0. (%)
P =)+ ¢3(8%") — g (") — 3 (&)
Eliminating the determinants (»z’), ete., we find the required differential
equation of the 6th order for w, viz:

3) 3) — ® — o3
Py Gy 129 219 22
rr ry x rr
¢, s Qize — 90 — 4o
’ ’ ’ ’
(24) Wy qus T2y — 90 — 9 | T 0.

Vs dur T2y — Garo —‘Qn
o, —1, 0, 0, +1

*Transactions of the American Mathematical Society, vol. 2 (1901), no. 1, p. 19.
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This differential equation reduces to the 5th order if the minor of p in this
determinant is zero, i.e., it
9u— 9220 Q125 9a
70 _9;2’ q;z’ qgl =0,
91— 9220 Qi2» %112
or, when the equation is not written in the semi-canonical form, if
Uy = Ups Uy Uy

[ — — —_
("‘5) A= Vi Vyzs Ui Uy | = 0.

w w,

227 w

w21

n- 129

It is clear from this, that A must be an invariant, obviously of weight nine.
This may also be verified analytically. A, being isobaric of weight 9, cannot be
rationally expressed as a function of the seminvariants involved in it, for it can
be shown that no such rational invariant of weight 9 exists. But there is a
simple syzygy between A and the invariant of weight 18.* By expressing

both of these quantities in terms of w,, v,, w, , it will be found that

(26) A4 46,=0.

We have seen that the differential equation for w reduces to the 5th order if
and only if A= 0.

Therefore, the equation
27 A=0

means, that the generators of the integrating ruled surface belong to a linear
complex ; for, the six line coordinates w, must, in this case, satisfy a homo-
geneous linear relation with constant coefficients. The condition A = 0 is
necessary and sufficient.

If the linear complex, to which the generators of the ruled surface belong, is
special, additional relations must be fulfilled. For any two linear complexes
which are not special can be transformed into each other by a projective trans-
formation, while a non-special complex can never be so transformed into a special
complex.

A special complex consists of all lines which intersect a given straight line,
called the axis of the complex. If

w12a34 + w23al4 + w3la24 + w14a23 + w24a31 + w34al2 = 0
is its equation, then @, are the line-coordinates of its axis, and

O N 0.

*Transactions of the American Mathematical Society, vol. 2, no. 1, p. 18.
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Every ruled surface contained in such a complex, therefore has upon it a
straight line which is not a generator of the surface, namely the axis of the com-
plex. Take this as our fundamental curve C,, and also as one of the edges of
the tetrahedron of reference.

Then we can put

(28) y3= ?/4= 0

while ¥, ¥,5 2,, 2, 2,, 2, may be arbitrary functions of x. Since y,=y,=0
we can take as the first differential equation of our system the linear differential
equation of the second order of which y,, y, form a fundamental system, so that

Pue=90:=0,
whence follows
(29) Uy =V, = W), = 0,
which makes
(30) 010 = 015 = 018 =0,

while 6, and 6, do not vanish, unless there is a further specialization. Since,
moreover, in this case

0, = (u,, — wuy)*,
we may assume

(29q) u,—u,+ 0.

The conditions (29) and (29¢) are sufficient to insure that the integrating
ruled surface shall be generated by lines belonging to a special linear complex,
for from them follows p,= ¢,,=0. But they are not necessary. The neces-
sary and sufficient conditions must form an invariant system of equations, which
the conditions here found do not do. The conditions (80) on the other hand
are necessary, as they form an invariant system, but they are not sufficient.

To find conditions for this case, which are both necessary and sufficient we
proceed as follows. If the ruled surface belongs to a special linear complex, it
must be possible to transform the given system, by a transformation of the form

y=a,n + a,f,

Z=a,n + azzga

into another, for which 7, = p,, = 0, if the coefficients of the transformed sys-
tem be denoted by Greek letters.
But the conditions 7, = p,, = 0, give

(31) 2(“12 22 a;2a12) +pllal2 22 +p12 22 p21a12 p22a22 12— 0 ’
and

1

a12a22 a2 ’a12 + pllaIZ 22 + p12 22 22 p2la12 12 p22a22 12

(32)

.2
+ QIlaIZ 22 + QI2a22 - q21a12 QHaZZ 12— 0 ¢
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Differentiating the left member of (81) and subtracting from the resulting
expression twice the left member of (32), we find

(33) (@43955 — @1305) (Pyy + Poa) + 01585 [ P11 — 291 — (P22 — 2¢5))]

+ a3 (P12 — 29,,) — a’fz(pél —2¢,)=0.
Multiplying (81) by — (p,, + p,,) and (33) by 2, and adding we find
(34) @13y (g — ) + “gzu’;z —ajuy, =0,
where the quantities u,, are the same as those so denoted in our previous paper.
Dividing (34) by aj,, we have
a a,\?
;;—:(u" — Uy) + U, — (;;;_:) uy =0,

whence by differentiation

d ’ a ’ ’ a ? ’
(85) (u“ — Uy — 2 )(7_;.1_ — U — ';j: (wry — uz) + (a_:) Ui+
But from (31) we have

alZ ‘ alZ z
2%,1_22 == E;(Pll — Pz) —Pnt a, Pas

which gives on substitution in (35), after simplifying and clearing of fractions,
(36) @ (Vg — V) + @350, — Y0y = 0.

Differentiating (36), we get by a repetition of this process
@37 85 (Wyy — W) + @301, — afywy = 0.

We have then three equations (34), (36) and (37) for

ity

a=—
a22

It is at once seen that A must vanish, and if we put

2 vy — vuwy,) =U, 2(wyu, —wyu,)=V, 2 (%4309 — Uy y) =W

’

(38) VW), — WYy, = lez’ WUy, — UW,, = Vlz’ UV, — VU = IV12’

vwy — wv, =U,, Wiy — uwy =V, vy — vuy =Wy,

Uy —Up=U, U — V=7, W, — Wy =W,
we obtain
U 14 w
a = — = — = —
9T, =2V, = T aw,’

(39)
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whence
Vu’zl'_WVzl =WU21"'UI'Vzl =UV21—VU21=0,
(40) Kz%l_Wflzvm=W12[]21_U:2M1=(];21’21_K2[]21=0’
Ur—40,U0, =V'—4V,V, =W'—4W,W,=0.
It will be noted that U, V, W, etc., are the nine minors of the second order

of the determinant A, and that all of the minors of the second order of their
determinant

v v, U,
(41) V V", Vi
| w I'Vlz I'Vzl

vanish in consequence of the relations (40). Moreover the quantities
U,U0,, U, V,Vy, Vys W, Wy, W,; are all cogredient with each other
and u, u,,, u,, etc., for transformations of the dependent variables, and we can
write

(42) 910 = % w2 — I'Vlz szl .

The conditions (40) which are necessary for the case under consideration are
also sufficient. For, let us suppose these conditions fulfilled for a system of
differential equations. Then let us transform this system as before, putting
now

(43) a,=—3 W, a,=W,.

We find by actual computation that the left member of (81), which is equal
to m,, vanishes. Denoting this left member, in general, by = ,, and the left
member of (82) by p,,, the left member of (34) will be

27";2_ 4P12_ (pu +P22) Tge

But this vanishes under the given conditions, and since 7 ,= 0, p,, also will
vanish. Therefore the first equation of the transformed system will actually

have the form

d? d
(44) J::T + 7 d_z +pm=0,

which proves that the ruled surface in this case belongs to a special linear com-
plex. This proof is insufficient only if W=W, =0.

If W= W, =0, we have either u, =v, =0, or else also W,=0. In
the first case, if u, = v, = 0, and »,; — u,, 3 0 we find from the equations defin-
ing these quantities that p, and ¢, must vanish, which means that in this case no
transformation is necessary, one of the original equations already being of form
(44). If however, in addition to u, = v, =0, we have w = 0, we find from (40)
that either W, = 0, which comes under our second case, or else U, V, U, and
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V,, must all vanish. But this again gives either v =0, u ,= 0, u, = 0, which

we shall see later makes the ruled surface of the second order, or else w, = 0.

This again gives rise to two sub-cases. Either p,, = ¢,, = 0 as in a former case,

or v = 0 and therefore u,, = 0, which is again the case of a surface of the second

order. In all of these cases the ruled surface belongs to a special linear complex.
In the second case mentioned above, we have W= W,= W, =0, or

Uy — Uy =0, wv, —vu, =0, wv, — vuy =0,
whence, denoting by p a proportionality factor,

(45) V=pU, V3= Uy, Uy = PUy,

unless u = u, = u,, = 0, which is the case of a surface of the second degree.
Using the equations (82) of our former paper,* which defined v, we find
from (45)
pu = 2u" + 2(puy — pyy,),

Py = 2“12 + (pn "’pzz) Uy — Pra¥%>
Py = 2u;1 - (pu - 1)22)“21 + Pa%,

and similarly, from the equations (39) in our former paper,

(46) w=("+ 20 )u, w,=(p"+ 2pf)“12’ wy = (p* + 2p )y,
but these expressions of v, , w, show that, in this case, not only

W= I/V12= I’V21=0,
but also
U= U= Uy= V=V,= V, =0,

i. e., all of the minors of the second order of A vanish. In this case also, the
ruled surface belongs to a special linear complex although our method of reduc-
tion fails. That this is so will, however, be apparent from what follows.

We have seen, then, that the equations (40) are the necessary and sufficient
conditions for an integrating ruled surfuce belonging to a special linear com-
plex. Moreover we have seen how the axis of this complex, i. e., the straight
line on the surface, which is not one of the generators, may be found, for this
is the geometrical meaning of the transformation which we have just completed.
The cases in which this transformation fails are those in which more than one
such straight line exists on the surface.

If the generators of the ruled surface belong to two different linear complexes,

Ql = wl2a34 + w23al4 + w31a24 + 0)“ 23 + (024 31 + w34a12 - 0

(47)
Q, = 0,by, + 0y, + 030, + 0,y + @by + 00, =0,

*Transactions of the American Mathematical Society, vol. 2, no. 1, p. 8.




356 E. J. WILCZYNSKI: GEOMETRY OF [October

or if they are lines of what PLUCKER calls a linear congruence, they belong to
every one of the o' complexes

(48) Q +20,=0.

Now, among these there are in general two, which are special. For (48) rep-
resents a special linear complex, if and only if,

(49) BN+ O+ 4=0,

where we have put

4= oy, + Ay + Ay By

(50) B= blzb34 + bzabu + by

317240

C = audy, + ad, + ayby, + a b, + @by + a,by, .
But (49) has two distinet and determinate roots if
C*—44AB + 0.

In this case we can assume that the complexes (47) are special, so that
A = B =0, and consequently C'4 0. The congruence consists of all of the
lines intersecting two distinct, non-intersecting straight lines, the directrices of
the congruence.
If C* —44B =0, we have a congruence with coincident directrices.
A sub-case of this,
A=B=C=0,

must be excluded from our investigation. For in this case the directrices of the
congruence intersect, so that the congruence consists of all straight lines inter-
secting a pair of intersecting straight lines. In other words, all of the lines of
the congruence are situated either in the plane of the directrices, or else pass
through their point of intersection. Any ruled surface contained in such a con-
gruence is either a plane or a cone, and therefore a developable surface. But a
developable surface cannot be the integrating ruled surface of our system of
differential equations.

It will be easily seen that the necessary and sufficient conditions, which must
be fulfilled in order that the generators of the integrating ruled surface may
belong to a linear congruence, are that all of the minors of the second order
of A must vanish.

In this case then

(51) U= 1712= []21=V=I’12=V-21=W='Mz=u’21=0’

and as a consequence,
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In the case of a congruence with coincident directrices additional conditions
must be fulfilled. Such a congruence may be described in a number of ways.
It consists of all of the lines of a complex which intersect a given line of the
complex. Or, we may consider the line with which the two coincident direc-
trices of the congruence coincide, as a generator of a surface of the second order-
All of the tangents to this surface, passing through the given generator, consti-
tute the lines of the congruence. Finally, for actual use, we can define such a
congruence in the following manner. Take rectangular axes x, y, z in space.
Through a point P on the x axis, and the origin O pass a plane, whose projec-
tion on the yz plane makes an angle A with the z axis, where

tan A = -,
x

% being a eonstant, and x the distance of P from the origin. Then the lines of
this plane, which pass through P, are the lines of the congruence.*

Let us take the » axis, which must be a line on our surface, intersected by all
of the generators, as the fundamental curve C,, and the abscissa OP = x of
the point P as the independent variable of our system of differential equations.
Moreover, suppose that we have chosen our homogeneous coordinates so that the
ratios

Yo Y Y, A A E

1) k) 3 Ty .

9
y4 :’/4 y( ?.'«4 4 z4

are the cartesian coordinates of the points (y) and (z) respectively. Then we
can put

(52) yl=w’ y2=0, y3=0, :(/4:1.

b

Moreover the equation of the plane mentioned above, will be
y==ztan A,

whence follows the single relation between z, and z,,

2, =2z, tan A = 23
or
(53) xz, — kz, = 0.
There exists then, in this case, a system of differential equations, equivalent
to the given system, for which
n==, =0, y=0, yo=1,
(54) @

=R, % =2, %= 7, 2, =1,

* PLUCKER, Neue Geometrie des Raumes, pp. 57 and 73.




358 E. J. WILCZYNSKI : GEOMETRY OF [October

where 2z, and z, are arbitrary functions of x.
Substituting these values in equations (9), we find

Phn=Pp=Iw=9%:~ 0,

1 ’r .’ ’ ’/
Py =— ;; 2 z§ - 2z2zlz2 - (.’l: - zl) {2(z2)2 — %Ry }] ’
(55) '

2,
2
ng=—2—‘,
z2

1 ’ rr 1 AY. ’r
9o = — ;; [2(z;)— 22y s Q=+ 22 [2(z2)‘ —22,],
2
whence we derive the relations
229;2 - 4922 +P§2 =0,
(56) 9o + Qo2 = 0,

Pu=Pe=M=9%= 0.
Therefore
O wy=u,=uy=0, v,=v,=v,=0, w,;=w,=1w,=0.

Substituting these values, it will be seen that all of the invariants vanish.

The conditions (57) are sufficient to make the ruled surface belong to a con-
gruence with coincident directrices. For, if we assume in the first place the
additional relation u, = 0, the surface will be of the second order, as we shall
show very soon, and therefore it will be a surface of the kind here considered.
If u, 40, we find from the conditions u, =wu,=1v,=0, that p,, must
vanish. From wu,, = 0 then follows ¢,, = 0, and from »,, = w,, =0,

(58) 2p), — 44, + Pl =2py — 4¢n + P35 = 0.
Our system therefore has the form
v+ puy, +9ny = 0,
Z' 4+ puy’ + P + 92Y + gp2z=10,
with the relations (68). 1f we now transform, by putting

the system will become, owing to the relations (68),

"7[/= 0’
&'+ =0,

where 7 and « are functions of x subject to no condition.
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But this system has the fundamental system of solutions

h=7%, 7’2=0’ 173=0’ 174=1’
§l=—ff(1r+lcw)dw2, &=k, ==, §4=-—-ff/cdw2,

where % is a constant, which must be different from zero, for we find that

D(’T;:a C;,’ Mo gk) =k.
Making another transformation, by putting

o &

— [ [rdu?’

it will be seen that »,, 7,, 7,, 7, and ¢, Ez, f3, ¢, form a fundamental system of
solutions of a system equivalent to the given system, and of the form (54). This
proves that any system of differential equations, for which the relations (57) are
satisfied, has a ruled surface which belongs to a linear congruence with coinci-
dent directrices.

But the sufficient conditions (57) are not necessary. The following condi-
tions

(59) I’—4J=0, K—I°=0, L—4I"=0,

are both necessary and sufficient. For, in the first place it may be verified that
they form an invariant system of equations.

In the second place, any system of differential equations of the kind here con-
sidered can be so transformed that the relations (57) shall be satisfied. But then
the relations-(69) will also be satisfied, and moreover, since these relations form
an invariant system of equations, they must have been satisfied for the untrans-
formed system of differential equations. The equations (69) are then necessary
conditions. But they are also sufficient. For, suppose that they are satisfied.
We can then assume

Uy — Uy =0, wuu, =0.

For, we can, by a transformation of the form y = Ay, z = u{, make u,, and
%,, equal to any functions of = whatever, and therefore it may be so chosen as
to make u,, = 0 and u,, = 0.

Moreover, since then w u, =0, either w, or w, must vanish. Suppose

12721
Uy %= 05 then u,= 0, and v, = 0, while

Oy — Vg = 2Py
must vanish, on account of (59). But since u, 3= 0, we have p,= 0, whence
v, =, = 0, and also w,; = w,,= w,= 0, or, taken together, the sufficient con-

ditions (57). If u, = 0, together with u,, = u,, = u,= 0, we have the case of a
ruled surface of the second order, which also belongs to a linear congruence with

Trans. Am. Math. Soc. 24
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coincident directrices. Had we assumed u, 4 0, instead of u, 4 0, we should
have found the conditions

Up=ty =upy =0, v, =v,=0,=0, w,=w,=w,=0,

which are the same as (57) except that the order of the two differential equa-
tions is interchanged, i. e., except for the notation.

The necessary and sufficient conditions for a ruled surface belonging to a
linear congruence with coincident directrices, are therefore

(uy — uy,)" + 4uu, =0,
(60) ('vu - ”22)2 + 4”12”21 =0,
(wu - wzz)z + 4w12w21 =0,

for these are equivalent to (59).

If the ruled surface is made up of the lines common to three distinct linear
complexes, it is a surface of the second order (not a cone), and all of the elements
of the determinant A must vanish.

Therefore the necessary and sufficient conditions for an integrating ruled
surface of the second order are

(61) Uy — Ugy = Uy =y = 0.

This is the case treated in our former paper in §4. It is possible to so trans-
form the system that the new dependent variables 7 and ¢ satisfy the same linear
differential equation of the second order

7'+ pn'+gn=0;
the geometrical sense of this reduction is that any two generators of the second
kind are taken as the fundamental curves C, and C,. The differential equa-
tions for y and z are then the same because the point-rows cut out of any two
generators of the second kind by a moving generator of the surface are projective.

This reduction can be made analytically by reducing to the semi-canonical
form.

§4. Geometrical interpretation of the semi-canonical. form of the system of
differential equations.

We have shown in our former paper, that every system of differential equa-
tions of the form here considered, can be reduced to the form
Y+ puy+pzr=0,

(62) ’”
2+ Pl + P = 0,

which we have called the semi-canonical form. We have also determined the
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most general subgroup of the group (2), which leaves this semi-canonical form
invariant. Its finite equations are,

dé 3
(63) §= &), ’7=Jd_;(0uy + 0122’)’ §= Ja%(oﬂy + Cpp),

where C,, are constants.

Now, of course, equations (62) define a pair of curves on the integrating ruled
surface. This is transformed by equations (63) into another pair, whose defin-
ing system of differential equations also has the semi-canonical form.

Since (63) is the most general transformation which leaves the semi-canonical
form invariant, we see that there exists upon the integrating ruled surface a
single infinity of curves, whose defining systems of differential equations have
the semi-canonical form. It is also clear from equations (63) that a moving
generator of the ruled surface intersects any four of these curves in a row of
Jour points whose anharmonic ratio is constant.

On any ruled surface the generating straight lines constitute one set of
asymptotic lines. We shall now prove that the curves just mentioned constitute
the other set of asymptotic lines.

Let the homogeneous coordinates be so chosen that

i Y2 Y5, BB B

Y Y Y 77 %
are the cartesian codrdinates of the points describing the curves C, and C), re-
spectively. Then if X, ¥, Z denote the codrdinates of any point in the oscu-
lating plane of the curve C, at the point (y,, ,, ¥;, ¥,), the equation of this

.
b

plane is
x_ Y p_ Y% o, W
Yy Y, Y.
dy 4y Dy |_,
dw y4’ dw y{’ dw y4 - ’
@y, @ y, @’y
de y,' dx*y,’ dx’ y,
or

Xy, -y, Yy, —vy,,  Zy, —y,
YV =YY > YYi —YYss YYi —YYs |=0.
VY =YY Yy — YY) Y — YYs

But since y,, 2; are solutions of (62), we have

Yi = — Pu¥i — Pifi
2 = — Puli — P

(i=1,2,3,4),
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and, therefore,

Yy =YY = — Pu(h — Y2
which shows that the osculating plane of C, at the point (y,, ¥,, ¥;, ¥,) also
passes through (2, 2,, 2, 2,), 1. e., it coincides with the plane tangent to the sur-
face at the point (y,, ¥,, ¥, ¥,). This proves that C, is an asymptotic curve of
the surface.

Our remarks furnish a new proof of PAUL SERRET’S theorem: the double
ratio of the four points, in which any generator intersects four fixed asymp-
totic curves of the second kind, is constant.

We shall leave the geometrical interpretation of the canonical form for a
future occasion, when we shall also treat some other important problems not
touched upon in this paper. In particular, it will be interesting to introduce
the idea of duality into this theory.

UNIVERSITY OF CALIFORNIA,
BERKELEY, March 30, 1901.




